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ABSTRACT T / 7 . i - g q  

W e  d i s c u s s  a model Fokker-Planck equa t ion ,  (14 ) ,  f o r  a s i n g  e 

species of p a r t i c l e s  i n  a plasma. This  equat ion  has  s e v e r a l  p r o p e r t i e s  

i n  common wi th  t h e  r e a l  equat ion ,  and a s c r i b e s  an approximately c o r r e c t  

behavior  t o  most of t h e  p a r t i c l e s ,  though i n c o r r e c t  f o r  t h e  h igh  energy 

t a i l  i n  t h e  thermal d i s t r i b u t i o n .  I t  i s  shown t h a t  t h e  equat ion  can be 

solved completely,  for t h e  small p e r t u r b a t i o n s  of a uniform plasma by 

electric f i e l d s  harmonic i n  space and t i m e ,  i n  an e x t e r n a l  magnetic 

f i e l d .  App l i ca t ions  t o  ionospher ic  r ada r  s c a t t e r i n g  a r e  b r i e f l y  

d i scussed;  i t  i s  shown t h a t  i n  c e r t a i n  c i rcumstances ion-ion c o l l i s i o n s  

can have a profound e f f e c t  on t h e  s c a t t e r i n g  even though t h e  c o l l i s i o n -  

frequency i s  much sma l l e r  than t h e  ion  gyrofrequency,  and t h i s  appears  

t o  ag ree  w i t h  observa t ion .  /7- 
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I ,  INTRODUCTION 

Some problems i n  plasma phys ics  r e q u i r e  t h a t  one t a k e s  account 

of c o l l i s i o n s  b u t  n o t  t o  <he e x t e n t  t h a t  t h e  dynamics i s  c o l l i s i o n  

dominated. I n  such a c a s e ,  n e i t h e r  t h e  "Vlasov" equa t ions  nor  t h e  

hydrodynamic equa t ions  (even t r e a t i n g  each s p e c i e s  as  a d i s t i n c t  f l u i d )  

a r e  adequate ;  t h e  former would omit t h e  c o l l i s i o n s ,  so inc lud ing  only  

the c o l l e c t i v e  i n t e r a c t i o n s ,  while  t h e  l a t t e r  would omit s u b t l e t i e s ,  

such a s  Landau damping, which a r i s e  only when d i s t r i b u t i o n s  i n  v e l o c i t y  

space a r e  cons idered .  So w e  have t o  w r i t e  down, f o r  each s p e c i e s ,  an 

equa t ion  such a s  

where f ( 2 ,  v, t )  i s  t h e  Boltzmann f u n c t i o n  i n  t h e  usua l  n o t a t i o n ,  a 

i s  t h e  macroscopic con t r ibu t ion  t o  t h e  a c c e l e r a t i o n  i s  a p a r t i c l e  a t  

(5 ,  1, t )  

t h e r e  a r e  la rge-angle  b i n a r y  c o l l i s i o n s ,  ( b f / b t ) c  i s  t h e  usua l  c o l l f -  

s i o n  i n t e g r a l  due t o  Boltzmann, so i s  known but  l e a d s  t o  formidable  

a n a l y s i s  i n  t h e  type  of  problem w e  have i n  mind. When t h e  c o l l i s i o n s  

a r e  n o t  predominantly b i n a r y ,  t h e  a c t u a l  formula f o r  

gene ra l  ca se  i s  not  known, though i n  t h e  case  of  a s p a t i a l l y  uniform 

plasma cons iderable  p rogres s  has been made by numerous a u t h o r s .  The 

expres s ions  g e n e r a l l y  given a re  of t h e  Fokker-Planck type  

- - 

and t h e  t e r m  on the r i g h t  r e p r e s e n t s  c o l l i s i o n s .  When 

( a f / a t ) c  i n  t h e  

l a  
1 za, 

J 

H e r e  Ai and B a r e  t h e  " f r i c t i o n "  and "d i f fus ion"  c o e f f i c i e n t s  

r e s p e c t i v e l y ;  bes ides  be ing  func t ions  of  t h e  - v a t  which ( a f / a t ) c  i s  

c a l c u l a t e d ,  they a r e  a l s o  complicated f u n c t i o n a l s  of f i t s e l f .  When 

t h e  plasma i s  n o t  uniform,  a s  f o r  example i n  plasma o s c i l l a t i o n s ,  t h e  

c a l c u l a t i o n s  of A and B becomes extremely d i f f i c u l t .  

i j  

1 ij 
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A procedure due appa ren t ly  t o  Bhatnagar Gross and Krook (1954) 

f o r  making progress  i n  problems governed by equa t ion  (l), i s  t o  r ep lace  

t h e  r i g h t  hand s i d e  by a s imple express ion  q u a l i t a t i v e l y  s i m i l a r  t o  t h e  

c o r r e c t  one ,  and cons t ruc t ed  i n  such a way t h a t  c e r t a i n  conse rva t ion  

laws a r e  not  v i o l a t e d .  I t  must a l s o  ensure  t h a t  t h e  d i s t r i b u t i o n  func- 

t i o n  t ends  t o  t h e  one a p p r o p r i a t e  f o r  thermal  equ i l ib r ium i f  t h e  gas  i s  

i s o l a t e d .  The equat ion  these  au tho r s  used f o r  t h i s  purpose was 

(E) = -v( f - f  max ) 
C 

(3 )  

where f i s  a s u i t a b l e  maxwellian d i s t r i b u t i o n  and v i s  a cons t an t  

which may be c a l l e d  t h e  " c o l l i s i o n  frequency".  

known a s  t h e  BGK model. I t  i s  s u i t a b l e  f o r  r e p r e s e n t i n g  t h e  e f f e c t s  

of l a r g e  angle  b ina ry  c o l l i s i o n s ,  so i t s  a p p l i c a b i l i t y  t o  plasma dynamics 

i s  r e s t r i c t e d  t o  t h e  case  when i t  i s  the  c o l l i s i o n s  wi th  n e u t r a l  p a r t i c l e s  

which a r e  of i n t e r e s t .  

Krook (1956) t r e a t e d  t h e  problem of small-amplitude waves propagat ing  

i n  a gas .  The corresponding problem wi th  t h e  a d d i t i o n  of a uniform 

magnetic f i e l d  w a s  worked o u t  by Dougherty (1963) and by L e w i s  and 

Keller (1962) .  

ce rn ing  t h e  ionosphere (Dougherty and F a r l e y ,  1963; F a r l e y ,  1963a, 1963b) 

wi th  cons iderable  agreement wi th  experiment .  

max 
Th i s  has  come t o  be 

Bhatnagar ,  Gross and Krook (1954) and Gross and 

The r e s u l t s  have found a p p l i c a t i o n s  t o  problems con- 

When t h e  c o l l i s i o n s  t o  be descr ibed  a r e  those  between charged 

p a r t i c l e s  i t  is  t h e  "grazing" c o l l i s i o n s  which make t h e  major con t r ibu -  

t i o n .  These occur when t h e  impact parameter  l i e s  between t h e  i n t e r -  

p a r t i c l e  spacing ( N  and t h e  Debye l e n g t h ;  they a r e  "small-angle" 

and are  n o t  binary.  To  handle  t h e s e ,  w e  n a t u r a l l y  ask  whether an  

equat ion  of form ( 2 )  bu t  s u i t a b l y  s i m p l i f i e d ,  could  be used a s  a model 

i n  a way analogous t o  t h e  work j u s t  mentioned. The i n c e n t i v e  t o  do 

t h i s  aga in  spr ings  from ionospher ic  m a t t e r s .  I n  t h e  theory  of incoherent  

s c a t t e r  t h e  spectrum of dens i ty  f l u c t u a t i o n s  i n  thermal equ i l ib r ium i s  

r e q u i r e d ,  and t h e  v a r i o u s  methods which have been used a l l  l e a d  even- 

t u a l l y  t o  t h e  s o l u t i o n  of t h e  Boltzmann equa t ion .  One p r e d i c t i o n  of 

t h e  c o l l i s i o n - f r e e  theory  i s  t h a t  f o r  a f i x e d  wave number & n e a r l y  
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or thogonal  t o  an imposed f i e l d  

peaks a t  m u l t i p l e s  of t h e  gyrofrequency; here  i t  i s  t h e  ion  gyro-frequency 

which i s  r e l e v a n t  because of  e l e c t r o s t a t i c  c o n t r o l  by t h e  i o n s  ( F e j e r ,  

1961; S a l p e t e r ,  1961; Hagfors,  1961; F a r l e y ,  Dougherty and Barron,  1961) .  

Despi te  c a r e f u l  s ea rch ,  t hese  resonant  peaks have no t  so f a r  been 

observed ( B o w l e s ,  p r i v a t e  communication). I n  t h e  lower ionosphere t h e  

ion -neu t r a l  c o l l i s i o n s  would be t h e  m o s t  impor t an t ,  and u s i n g  t h e  BGK 

model, Doughterty and Fa r l ey  (1963) have shown how t h e  resonances could 

be smoothed o u t  by t h e  c o l l i s i o n s .  But i n  t h e  F r eg ion  another  

exp lana t ion  i s  r e q u i r e d ,  and Far ley  ( p r i v a t e  communication) has  g iven  

a phys i ca l  d e s c r i p t i o n  of a mechanism based on ion-ion c o l l i s i o n s  which 

i t  i s  es t ima ted  may be respons ib le  f o r  t h e  l o s s  of t h e  gyro-resonances.  

Pa radox ica l ly ,  Co l in ,  Burns and Eshleman (1963) have a c t u a l l y  d e t e c t e d  

a weak gyro-resonance i n  another  type  of s c a t t e r i n g ;  i t  seems t o  be 

r- nre-nt  - - - - -  i n  the E reg ion  a t  n igh t  bu t  has  no t  so f a r  been d e t e c t e d  

i n  any o t h e r  c i rcumstances .  

- B,  t h e  frequency spectrum has  resonant  

Our o b j e c t  he re  i s  t o  formulate  an equat ion  of t h e  type ( 2 )  and 

show how a formal  s o l u t i o n  can be obta ined  f o r  smal l  p e r t u r b a t i o n s  

harmonic i n  space and t i m e ,  wi th  t h e  i n c l u s i o n  of a uniform e x t e r n a l  

magnetic f i e l d ,  This  s o l u t i o n  i s  s u i t a b l e  for numerical work for use  

i n  t h e  a p p l i c a t i o n s  j u s t  mentioned. W e  s h a l l  res t r ic t  a t t e n t i o n  t o  a 

s i n g l e  s p e c i e s  of  charged p a r t i c l e s ,  and i n  d e a l i n g  w i t h  i o n s  t h i s  i s  

adequate  a s  i on -e l ec t ron  c o l l i s i o n s  w i l l  have a n e g l i g i b l e  e f f e c t  on 

t h e  i o n s .  Corresponding work f o r  s e v e r a l  s p e c i e s  i s  of course  s i m i l a r  

i n  p r i n c i p l e  but  even more cumbersome. 

11. FORMULATION OF THE EQUATION 

W e  wish t o  choose c o e f f i c i e n t s  A i ,  B f o r  ( 2 )  s a t i s f y i n g  t h e  

( a )  The number d e n s i t y ,  momentum and energy a t  each  p o i n t  i n  

i j  
fo l lowing  c o n d i t i o n s .  

phys i ca l  space s h a l l  be conserved. T h i s  r e q u i r e s  

((E) d 3 v = 0  
C 

( 4 )  
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5 (2) vk d3v = 0 

5 (E) v2 d3v = 0 
C 

where v2 = v v i n  t h e  usua l  s u f f i x  n o t a t i o n .  
k k  

( b )  The only s o l u t i o n  of ( d f f i t ) c  = 0 s h a l l  be t h e  maxwellian 

d i s t r i b u t i o n ,  where t h e  number d e n s i t y ,  d r i f t  v e l o c i t y  and temperature  

a r e  a r b i t r a r y .  

W e  assume throughout  t h a t  a s  v --*a i n  any d i r e c t i o n ,  f --* 0 

f a s t e r  than  any power of v ,  and t h a t  A i ,  B a r e  r a t i o n a l  f u n c t i o n s  
i j  

of v ;  

i n f i n i t y  a r e  ze ro .  Eq. ( 4 )  i s  t h e r e f o r e  au tomat i ca l ly  s a t i s f i e d .  

then  i n  any i n t e g r a t i o n s  over  v e l o c i t y  space c o n t r i b u t i o n s  a t  

W e  now propose t o  t ake  

A .  1 = - v(vi-ui) 

2vKT 
i j  m i j  

B = -  

(7) 

where v i s  an i n v e r s e  t i m e ,  independent of  v, m i s  t h e  mass,  and 

- u ,  T a r e  t h e  l o c a l  d r i f t  v e l o c i t y  and tempera ture  r e s p e c t i v e l y :  

Nu i = 1 v . f d 3 v  1 

3NKT = m ( ~ - u ) ~ f d ~ v  s - -  

N be ing  t h e  l o c a l  number d e n s i t y  

N = fd3v  5 

( 9 )  

and K i s  Boltzmann's c o n s t a n t .  That ( 5 )  and (6 )  a r e  s a t i s f i e d  i s  

e a s i l y  shown. 

d r i f t  s a t i s f i e s  

F u r t h e r  w e  no te  t h a t  a maxwellian d i s t r i b u t i o n  w i t h  
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from which i t  fol lows a t  once t h a t  cond i t ion  ( b )  i s  s a t i s f i e d .  

Th i s  choice of A B appea r s  t o  be t h e  s i m p l e s t  one a v a i l a b l e .  i '  i j  
I t  makes t h e  f r i c t i o n  c o e f f i c i e n t  p r o p o r t i o n a l  t o  t h e  v e l o c i t y  r e l a t i v e  

t o  t h e  mean v e l o c i t y ,  and makes t h e  d i f f u s i o n  c o e f f i c i e n t  i s o t r o p i c  and 

independent of v e l o c i t y .  This i s  indeed q u i t e  a good approximation f o r  

m o s t  of t h e  p a r t i c l e s ,  b u t  i t  i s  i n c o r r e c t  f o r  t h e  high-energy " t a i l "  

i n  t h e  d i s t r i b u t i o n .  For f a c t  p a r t i c l e s  t h e  f r i c t i o n  ought t o  dec rease  

wi th  v e l o c i t y  . 
imposes a r e s t r i c t i o n  on ou r  

model. The p e r t u r b a t i o n s  i n  v e l o c i t y  which B r e p r e s e n t s  a r i s e  

from a l l  t h e  p a r t i c l e s  within t h e  Debye sphere f o r  t h e  p a r t i c l e  under 

obse rva t ion ,  and should r e a l l y  be c a l c u l a t e d  by cons ide r ing  t h e  sto- 

c h a s t i c  e lectr ic  f i e l d  set  up w i t h i n  t h e  sphere (Thompson and Hubbard, 

1960) .  Our assumption i s  t h a t  t h e  spectrum of electric f i e l d  f l u c t u a -  

t i o n s  i s  i s o t r o p i c  a t  t h i s  l eng th  scale. The c o n d i t i o n  f o r  t h i s  i s  t h a t  

t h e  Debye l e n g t h  be much smaller  t han  t h e  Lamor r a d i u s  f o r  a thermal 

p a r t i c l e ;  t h i s  i s  u s u a l l y  the c a s e .  

B i j  
The cho ice  of an i s o t r o p i c  

i j  

The c o e f f i c i e n t s  A i ,  B which w e  have de f ined  a r e  f u n c t i o n a l s  
i j  

of f inasmuch a s  E, T depend on f through Eqs. ( 9 )  and ( 1 0 ) .  

T h i s  i s  a l s o  a p rope r ty  of the r e a l  k i n e t i c  e q u a t i o n ,  and i t  makes t h e  

problem of s o l v i n g  i t  a non-l inear  one.  F u r t h e r ,  w e  have t o  cons ide r  

how v i s  t o  be c a l c u l a t e d ;  though independent of - v i n  t h i s  model, 

i t  t o o  may be a f u n c t i o n a l  of f ,  and one would c e r t a i n l y  expect  i t  

t o  depend on N, f o r  i n s t a n c e .  T h i s  p i e c e  of i n fo rma t ion  i s  n o t ,  

however, r e q u i r e d  i n  what fo l lows ,  a s  w e  t r e a t  only t h e  problem of 

small  p e r t u r b a t i o n s  about a uniform s t a t e ,  so t h a t  v becomes c o n s t a n t .  

W e  s h a l l  r a t h e r  l o o s e l y  c a l l  v t h e  " c o l l i s i o n  frequency . I n  r e a l i t y ,  

a c o n s i d e r a t i o n  of t h e  way (2)  a r i s e s  shows t h a t  l / v  i s  t h e  t i m e  i n  

which a thermal p a r t i c l e  can expec t  t o  s u f f e r  a s u b s t a n t i a l  change of 

v e l o c i t y .  Such a change i s  a c t u a l l y  achieved by a success ion  of many 

small  increments ,  which occur a t  a much g r e a t e r  frequency than v e  For 

numerical  purposes i n  connection w i t h  t h e  p o s i t i v e  i o n s  i n  t h e  ionosphere,  
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w e  can i d e n t i f y  l / v  w i th  tc a s  def ined  by S p i t z e r  ( 1 9 5 6 ) ,  Eq. ( 5 . 2 6 )  

namely 

-3 
where A i s  the atomic weight of t h e  i o n s ,  N i s  t h e  d e n s i t y  i n  c m  , 
and A = 2e3 (K3T3/nN)%.  Actua l ly  l o g  A i s  very slowly vary ing ,  

and i s  about  13 f o r  t y p i c a l  i onosphe r i c  c o n d i t i o n s .  

3 

Our k i n e t i c  equat ion  i s ,  f i n a l l y ,  

111. SMALL PERTURBATIONS 

Following t h e  usua l  course w e  w r i t e  f = f + f l  where f i s  a 
0 0 

maxwellian d i s t r i b u t i o n  wi th  N = N T = T and z e r o  d r i f t  v e l o c i t y ,  

whi le  f l  i s  a smal l  p e r t u r b a t i o n .  The e x t e r n a l  a c c e l e r b t i o n  i n  t h e  

unperturbed s t a t e  i s  supposed t o  be j u s t  t h a t  due t o  a uniform magnetic 

f i e l d ,  - B. The small  a d d i t i o n a l  a c c e l e r a t i o n  i n  t h e  pe r tu rbed  s t a t e  

will now be c a l l e d  a .  W e  w r i t e  N = N + N 1 ,  T = T + T 1  and no te  

t h a t  u i s  a p e r t u r b a t i o n  q u a n t i t y .  A s  mentioned above f makes t h e  

r i g h t  hand s i d e  of ( 1 4 )  vanish i d e n t i c a l l y  f o r  any va lue  of 

may l e t  v have i t s  unperturbed value du r ing  t h e  p e r t u r b a t i o n s .  So 

t o  t h e  f i r s t  o rde r ,  t h e  r i g h t  hand s i d e  of (14)  i s  

0’ 0 

0 0 - 
0 I 

v ,  so w e  

(E) = Y &Cjf1 - u j f o  + : to + T1 %)} 
C J 

whi le  t h e  a c c e l e r a t i o n  t e r m  on t h e  l e f t  becomes 
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Writ ing  i n  e x p l i c i t l y  t h e  d e r i v a t i v e s  of f (Eq. (12)  wi th  z e r o  

d r i f t )  and c o l l e c t i n g  t h e  terms i n  f and f l  on t h e  two s i d e s  of 

t h e  equa t ion ,  (14)  becomes 

0 

0 

H e r e  w e  have a l i n e a r  equat ion  f o r  f l  bu t  w e  have to remember 

t h a t  u and TI a r e  i n t e g r a l s  over  f l ;  i n  f a c t  on t ak ing  

p e r t u r b a t i o n s  of ( 9 )  - (11) w e  have 
- 

N 1  = f l d 3 v  

u i = No 
L I f l v . d 3 v  1 

r 1 

J v2f ld3v  - N 1  1 

0 

I V .  FORMAL SOLUTION 

The procedure f o r  dea l ing  wi th  t h e s e  i n t e g r a l  t e r m s  i s  t h e  same 

as i n  t h e  BGK model. For a d i s turbance  harmonic i n  space and t i m e  w e  

f i r s t  so lve  (15) f o r  f l  supposing t h e  r i g h t  hand s i d e  g iven;  t h i s  i s  

s o l e l y  a problem i n  v e l o c i t y  space and - u ,  T1 a r e  merely c o e f f i c i e n t s .  

When t h i s  s o l u t i o n  i s  s u b s t i t u t e d  i n t o  (16) - (18) 

equa t ions  f o r  f l ,  N 1 ,  and T1 and then t h e  s o l u t i o n  f o r  any of 

t h e s e  q u a n t i t i e s  i s  only a mat te r  of  a l g e b r a .  Wri t ing  t h e  l e f t  hand 

s i d e  of (15)  a s f l  f l  where fl i s  a l i n e a r  d i f f e r e n t i a l  o p e r a t o r ,  

w e  have a set o f  

- 7 -  SEL-64-003 



suppose w e  can so lve  any equa t ion  fl f i  = h where h i s  harmonic i n  

space and t ime, so t h a t  symbol ica l ly  

f o r  f l  i s  

f l  = fl -'h. The s o l u t i o n  

L e t  u s  de f ine  a set  of q u a n t i t i e s  

-1 ... H ... = l v  ... fl ( v  j . . . f  )d3v 
i '  j i 0 

where w e  s h a l l  need a t  most 2 s u f f i x e s  before  or a f t e r  H .  Each 

s u f f i x  ( i f  any) l q b e l s  t h e  component of 

a p p r o p r i a t e  p lace  i n  t h e  i n t e g r a l .  

a r e  

1 t o  be i n s e r t e d  i n  t h e  

I n  t h i s  n o t a t i o n  Eqs.  (16)  - (18) 

m ( U  + V U . ) . H .  + N U  - -  
0 i - K ~  j J 1 J  0 

Here w e  have e x p l i c i t  equa t ions  f o r  N 1 ,  and T I ,  and i n s e r t i o n  

of u - and TI i n t o  (19)  would make t h e  l a t t e r  an e x p l i c i t  equa t ion  

f o r  f l .  However, f o r  many purposes  t h e  d e t a i l s  of f l  a r e  n o t  i n  f a c t  

of i n t e r e s t ;  i n  p a r t i c u l a r  i n  plasma phys ic s  w e  need only N 1  and - u 

t o  f i n d  t h e  con t r ibu t ion  which a s p e c i e s  makes t o  t h e  charge and c u r r e n t  

d e n s i t i e s  and so combine t h e  dynamics wi th  maxwell 's  equa t ions .  

N 1  i s  given simply i n  terms of d i v  - u ,  w e  so lve  (21)  - (23)  f o r  

a l o n e ,  The r e s u l t  i s  

AS 

(a  + v u . )  Noui = M i j  
J j 
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I 

where 

m 

0 

m H - -  
0 

0 

and s o l v i n g  (24)  e x p l i c i t l y ,  i n  mat r ix  n o t a t i o n  

where I i s  t h e  u n i t  3 x 3 mat r ix .  I t  i s  t o  be noted from (25)  t h a t  

only c e r t a i n  c o n t r a c t i o n s  of a l l  t h e  p o s s i b l e  H-functions (with any- 

t h i n g  from 0 t o  4 s u f f i x e s )  a r e  r equ i r ed .  But f i r s t  w e  must develop 

a gene ra l  technique f o r  cons t ruc t ing  t h e s e  f u n c t i o n s .  

V. PROCEDURE FOR SOLVING B0LTZMA"'S EQUATION 

Let  u s  t ake  a s  our  s tandard form of  Eq. (15) 

where 7 = vKT /m, 

f l  i n  what fo l lows ,  

h i s  a given func t ion  and w e  omit t h e  s u f f i x  from 
0 

Two gene ra l  r o u t e s  appear he re .  I n  t h e  f i r s t  w e  impose a t  once t h e  

harmonic v a r i a t i o n s  i n  x and t and a t tempt  t o  s o l v e  t h e  d i f f e r e n t i a l  

equa t ion  i n  v e l o c i t y  space with appropr i a t e  cho ices  of h ,  f i n a l l y  

e v a l u a t i n g  t h e  i n t e g r a l s  (20) .  

(1946) ,  B e r s t e i n  (1958) and many o t h e r s ,  i n  t h e  c a s e  of no c o l l i s i o n s .  

Although i t  seems i n v i t i n g ,  i t  i s  a good deal !nore d i f f i c u l t  i n  ou r  

problem, a s  (27)  i s  now second o r d e r  i n  

dependent on v .  Ac tua l ly  these c o e f f i c i e n t s  a r e  l i n e a r  i n  v and a 

g e n e r a l i z a t i o n  of Laplace '  s contour i n t e g r a l  method ( B u r k i l l  

- 

This  i s  t h e  procedure used by Landau 

v ,  w i th  i t s  c o e f f i c i e n t s  - 

- - 
1956) may 
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be used ,  t h e  c a l c u l a t i o n  looking  S u p e r f i c i a l l y  l i k e  a F o u r i e r  t ransform w i t h  

r e s p e c t  t o  - v .  

no magnetic f i e l d  by Lenard and Berns t e in  (1958, unpub l i shed) .  

Eq. (27)  has  been cons idered  i n  t h i s  way f o r  t h e  case  of 

The second r o u t e  t o  be fol lowed he re  i s  t o  s o l v e  f i r s t  (27 )  i n  

t h e  case  when h i s  a u n i t  source  a t  a p o i n t  (s, v ) ,  a t  t i m e  

i . e . ,  when 
-0 

or equ iva len t ly  t o  set h = 0 f o r  t > to and t o  s o l v e  wi th  t h e  

i n i t i a l  value f = 83(x-x ) S3(v-v ) .  W e  c a l l  t h i s  s o l u t i o n  

G ( ~ , x , t , l $ , ! ~ , t ~ ) ,  t h e  Green ' s  f u n c t i o n .  The s o l u t i o n  f o r  a gene ra l  

h i s  then the convolut ion of G wi th  h ,  a 7- fo ld  i n t e g r a l .  The 

q u a n t i t i e s  ... H ... a r e  t h e r e f o r e  10- fo ld  i n t e g r a l s .  I n  t h e  

absence of c o l l i s i o n s  G i s  simply a 6- fo ld  8- func t ion  t r a n s f e r r i n g  

t h e  source from ( x  v ) t o  a p o i n t  ( E , ! ) ,  t h e s e  two p o i n t s  be ing  

on t h e  same "unperturbed o r b i t "  and a t  t i m e s  t r e s p e c t i v e l y .  

Th i s  fo l lows  from t h e  f a c t  t h a t  wi th  v = q = 0 (27)  i s  only  f i r s t  

o r d e r ,  so f i s  cons t an t  a long  t h e  c h a r a c t e r i s t i c  curves  

--o - -0 

i j 

-0-0 

which a r e  j u s t  t h e  unperturbed o r b i t s .  Thus most of t h e  10  i n t e g r a t i o n s  

e x i s t  only i n  a t r i v i a l  sense and t h e  formulae a r e  e a s i l y  reduced t o  

a s i n g l e  i n t e g r a l ,  whose phys ica l  s i g n i f i c a n c e  i s  a summing of 

p e r t u r b a t i o n s  over  t h e  p a s t  h i s t o r i e s  of p a r t i c l e s .  

When c o l l i S i o n s  a r e  inc luded  t h e  Green ' s  f u n c t i o n  i s  n o t  a 

6- func t ion .  A p e r t u r b a t i o n  i s  no t  simply convected a long  an unperturbed 

o r b i t ,  bu t  spreads o u t  owing t o  t h e  term 

guess  from the o r i g i n  of t h i s  d iF fus ion  term a s  a s t o c h a s t i c  p rocess  

i n  v e l o c i t y  space,  G becomes a Gaussian d i s t r i b u t i o n  i n  5 and - v 

cen te red  on t h e  i n s t an taneous  p o s i t i o n  on t h e  unper turbed  o r b i t .  The 

c o e f f i c i e n t s  of t h i s  Gaussian func t ion  a r e  somewhat cumbersome, though 

elementary func t ions  of t ,  and t h e  "unperturbed o r b i t "  must now t ake  

-q a 2 f / 8 v  .av . As one might 
J J  
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account of a f r i c t i o n a l  c o n t r i b u t i o n  -vv. t o  t h e  a c c e l e r a t i o n .  The 

form of G i t s e l f  g i v e s  some i n s i g h t  i n t o  t h e  behavior  of t h e  g a s ,  and 

w e  s h a l l  a l s o  see t h a t  i t  i s  aga in  p o s s i b l e  t o  reduce t h e  10-fold i n t e -  

g r a l  t o  a s i n g l e  one. Unfortunately q u i t e  a number of c a s e s  of t h i s  

i n t e g r a l  w i l l  a r i s e  because of t h e  v a r i o u s  types  of 

J 

H needed i n  (25) .  

V I .  CONSTRUCTION OF THE GREEN'S FUNCTION 

I n  t h i s  s e c t i o n  t h e  p a r t i c u l a r  form taken by t h e  c o e f f i c i e n t s  i n  

( 2 7 )  i s  i r r e l e v a n t ;  a l l  t h a t  m a t t e r s  i s  t h a t  t h e  c o e f f i c i e n t s  of t h e  

second d e r i v a t i v e s  are constant  and those  of t h e  f i rs t  d e r i v a t i v e s  

l i n e a r  i n  t h e  independent v a r i a b l e s .  I t  w i l l  t h e r e f o r e  be c l e a r e r  t o  

cons ide r  t h e  g e n e r a l  equat ion of form 

a f  a 2 f  + Bf 
at + aijZXF 

1 J  
i jx j  ax 1 + cf = O 

where x ( i = 1 , 2 , .  . . N )  r ep resen t s  a l l  t h e  independent v a r i a b l e s  o t h e r  

t han  t (so i n c l u d i n g  - x and - v i n  o u r  a p p l i c a t i o n ,  w i th  N=6). The 
i 

c o e f f i c i e n t s  a b and c a r e  a l l  c o n s t a n t s ,  a being symmetric. 
i j '  i j  i j  

W e  t a k e  care no t  t o  assume t h a t  

they a r e  a c t u a l l y  s i n g u l a r  i n  o u r  problem. W e  see t h a t  when h = 0 i n  

( 2 7 ) ,  t h a t  equa t ion  t a k e s  the form ( 3 0 )  i n  t h i s  n o t a t i o n ;  f u r t h e r  w e  

have c = b which e n s u r e s  t h a t  I f d  x i s  a c o n s t a n t .  

a i j y  b i j  
a r e  non-singular  m a t r i c e s ;  

N 
ii ' N 

The problem i s  t o  f i n d  f ( 5 , t )  such t h a t  f + 6 (5-x a s  t + O  

f o r  any given x, so w e  have a u n i t  source of f a t  x=x and t = O .  

F i r s t  w e  no te  t h a t  provided w e  can c o n s t r u c t  a l l  t h e , l o c i  - Y ( t )  

s a t i s f y i n g  

dYi 
- -  - b.  .Y d t  i j  j 

t h e  problem i s  reduced t o  the  case of a source a t  t h e  o r i g i n ,  i .e . ,  

2 = 0. I n  t h e  plasma problem t h e s e  l o c i  a r e  j u s t  what w e  c a l l e d  t h e  

"unperturbed o r b i t . "  For l e t  g ( x , t )  - = g ( x - Y ( t - t ' ) , t - t ' )  - -  be t h e  
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s o l u t i o n  f o r  u n i t  source a t  - y a t  t i m e  t = t s  i f  - y ( t )  i s  t h e  o r b i t  

f i x e d  by x(0) = E. 
c o n d i t i o n ,  and n o t i n g  t h a t  

Th i s  s o l u t i o n  obviously has  t h e  r i g h t  i n i t i a l  

dY 
a f  ag ag i 
a t = a t - a x d t  

1 

t h e  l e f t  hand s i d e  of (30) becomes 

where g and i t s  d e r i v a t i v e s  a r e  eva lua ted  a t  ( x - Y ( t - t ' ) , t - t ' ) .  - W e  

can w r i t e  t h i s  

dY 
+ cg] + [bijYj - $1 

The f i r s t  square bracke t  i s  z e r o  f o r  t > t '  by c o n s t r u c t i o n  of g .  

The second i s  ze ro  by c o n s t r u c t i o n  of x. 
To f i n d  t h i s  s t anda rd  s o l u t i o n  g ( 5 , t )  w e  assume t h e  form 

l o g  g = l o g  p - % qijxixj  

where p , q . .  a r e  f u n c t i o n s  of t only and t h e  q u a d r a t i c  form qi jxix 
1 J  

i s  t o  be non-negative ( t h e  f a c t o r  i s  merely conven t iona l ) .  On 

e v a l u a t i n g  the va r ious  d e r i v a t i v e s ,  s u b s t i t u t i n g  them i n t o  (30) ( g  

p l ay ing  t h e  pa r t  of f )  and d i v i d i n g  through by g one o b t a i n s  

e v e n t u a l l y  

(tz- a i j  q i j  + c)+{-%%+ a i j  q k j  .q R i  - 

For t h i s  t o  hold i d e n t i c a l l y  i n  - x ,  t ,  t h e  f i r s t  b racke t  must vanish ,  

and t h e  second b racke t  symmetrized wi th  r e s p e c t  t o  k,,8 must vanish ,  
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so w e  have an  equa t ion  f o r  p 
ge the r  w i th  an equat ion for  q which i n  ma t r ix  n o t a t i o n  is 

(which w e  s h a l l  not a c t u a l l y  need) ,  t o -  

dq - A + 2q aq - 1.b  - - -  b 'q  = 0 d t  - - (33 1 

Here b '  denotes  t h e  t ranspose of b ;  a and q a r e  of cour se  a l r e a d y  

symmetric. Wri t ing r = q l e a d s  a t  once t o  t h e  l i n e a r  equa t ion  
- - -  - 

-1 
- -  

d r  - +  2a - b r - r b '  = 0 d t  - - -  - -  (34)  

W e  mentioned i n  t h e  previous s e c t i o n  t h a t  f o r  t h e  plasma problem 

one would expec t  t h a t  g would be a m u l t i v a r i a t e  normal d i s t r i b u t i o n ,  

such a s  (32); from t h i s  p o i n t  of view t h e  c o e f f i c i e n t s  r a r e  more 

s i g n i f i c a n t  t han  q ,  f o r  they are j u s t  t h e  v a r i a n c e s  and c o r r e l a t i o n s  

o f  a l l  t h e  v a r i a b l e s  concerned. Using t h i s  i dea  a s l i g h t l y  s h o r t e r  

d e r i v a t i o n  of 

(30) over  a l l  - x-space a f t e r  mu l t ip ly ing  by s u i t a b l e  components of 5. 
However, t h e  d e r i v a t i o n  o u t l i n e d  above a c t u a l l y  v e r i f i e s  t h a t  (32)  i s  

a p p l i c a b l e .  We observe a l s o  t h a t  t h e  i n i t i a l  condi ton f o r  r i s  

c l e a r l y  r = 0 a t  t = 0 ,  making a l l  t h e  v a r i a n c e s  and c o r r e l a t i o n s  

zero. F i n a l l y  i n  t h e  case when c = b so s f d  x i s  c o n s t a n t  

(and equa l  t o  u n i t y  f o r  o u r  

p ( t ) ,  f o r  w e  have 

- 

- 

(34) a r i s e s  if w e  assume t h e  form (32) ana i n t e g r a t e  

- 

- 
N 

w e  need n o t  s o l v e  t h e  equa t ion  f o r  
ii ' 

g )  

p ( t )  = [ ( 2 ~ t ) ~ d e t ( ; ) l - ~  (35 1 

The s o l u t i o n  of ( 3 4 )  p r e s e n t s  no d i f f i c u l t y  i n  any s p e c i f i c  c a s e ,  

b u t  t h e  form of the  s o l u t i o n  depends on t h e  r anks  of a and b ,  a s  

one can see by imagining a change of c o o r d i n a t e s  t o  make a and b 

d i agona l .  Rather  than enumerate t h e  c a s e s  which could a r i s e  w e  d e a l  

l a t e r  wi th  t h e  p a r t i c u l a r  one w e  need i n  t h e  a p p l i c a t i o n .  

- - 
- - 

To complete t h e  gene ra l  t heo ry  of an equa t ion  such a s  

+ cf  = h ( x , t )  a f  azf a f  
at + a i j  KSF + bijXj  ax^ - 

1 J  
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w e  may now w r i t e  down t h e  s o l u t i o n  f o r  any problem i n  whi 

t -+ co and h ( x , t )  - i s  g iven .  I t  i s  t h e  convolu t ion  

w e  may now w r i t e  down t h e  s o l u t i o n  f o r  any problem i n  whi 

t -+ co and h ( x , t )  - i s  g iven .  I t  i s  t h e  convolu t ion  

t 

f ( x , t )  - = 

G(x, - -  t , y ,  t ' )  = g [ s - Y ( t - t ' ) ,  - t- t '  ] 

~ ~~ 

where 

and 

G(x, - -  t , y ,  t ' ) = g[s -Y( t - t '  - ) , t-t ' ] 

-1 
i s  t h e  s tandard  s o l u t i o n  j u s t  d e r i v e d ,  w i t h  q = r , - r g iven  - -  
by ( 3 4 ) ,  p by (35)  and Y ( t )  i s  t h e  s o l u t i o n  of (31) w i t h  Y - -  = y 

a t  t = 0 .  Writ ing T = t - t ' ,  (37 )  i s  

.ch f + 0 a s  

(37)  

y T=O - 

V I I .  THE PLASMA PROBUM I N  ONE DIMENSION WITHOUT MAGNETIC FIELD 

A s  an example of t h e  above p r o c e s s ,  l e t  u s  cons ide r  t h e  equa t ion  

governing a plasma, 

f i e l d ,  i . e . ,  

(27)  reduced t o  one dimension wi thou t  magnet ic  

- vf = h ( x , v , t )  a f  a 2 f  a f  a f  + V a x - v v a ,  

. = ( o  0 0  -Ip .=(. 0 1  J = -v 
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Write E =(; F )  ; then equat ion (34)  i s  

"( a B  ) - 27 (; ;) - (  y:$ y - v p )  = 0 
d t  B Y  -2vy 

i .e . ,  

a - 2 g = o  

p + vp -y = 0 i y + 2vy - 27 = 0 

These a r e  r e a d i l y  solved f o r  y ,  f3, CX i n  t u r n ,  each t o  be z e r o  a t  

t = 0,  g i v i n g  

-2vt 1 y = :  (1 - e  

and one would have 

1 
P ( t >  = 

2a (ay-p2 ) !4 

VIII. FORMAL SOLUTION OF THE PLASMA PROBLEM 

Knowing t h a t  w e  can c o n s t r u c t  t h e  d e t a i l s  of t h e  Green 's  f u n c t i o n  

l e t  u s  f i r s t  examine formally i t s  a p p l i c a t i o n  t o  t h e  problem on hand, 

namely t h e  c o n s t r u c t i o n  of t h e  f u n c t i o n s  . . H  . .. which d e s c r i b e  a 

plasma i n  a harmonic pe r tu rb ing  f i e l d .  W e  t a k e  N = 6 and i n t e r p r e t  
i '  j 
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- x of t he  general  theory a s  t h e  column vec to r  (;). Equation ( 2 7 )  i s  

an example of equat ion  (36) with  s u i t a b l e  cho ices  of 

s o l u t i o n  i s  the re fo re  a s  i n  ( 4 0 ) ,  but  w e  have t o  provide  some a d d i t i o n a l  

n o t a t i o n .  For t h e  dummy v a r i a b l e  of t h e  g e n e r a l  theory  w e  now 

w r i t e  5' f o r  t h e  space p a r t  and 1' f o r  t h e  v e l o c i t y .  For t h e  o r b i t  

Y ( t )  w e  w r i t e  - x' + - X f o r  t h e  space p a r t  and - V f o r  t h e  v e l o c i t y ,  

so t h a t  X , V  i s  a c t u a l l y  t h e  o r b i t  which s t a r t s  a t  - X = 0 ,  - V = V I  

a t  t i m e  t = 0.  Th i s  i s  a convenient  d e f i n i t i o n ,  f o r  X ,  - -  V now depend 

only on (I!, t )  and - x' w i l l  soon drop ou t  of t h e  c a l c u l a t i o n .  

S p e c i f i c a l l y ,  w e  have 

- -  a , b  and c .  The 

- 

- -  

- _ - -  - YxB - VV - dV e dX 

d t  - d t  mc - - 
- - = v ,  

I n  t h i s  no ta t ion  (40 )  i s  

(43) 

W e  assume a dependence l i k e  e i(cut-k*x) - -  i n  space and t i m e  f o r  f and 

h ,  

i n  t h e  f i r s t  i n s t ance  and then a n a l y t i c a l l y  cont inued ,  t h e  symbols f 

and h r ep resen t ing  t h e  complex ampli tudes i n  t h e  usua l  way. Also 

with  t h e  usua l  convention t h a t  t h e  problem be so lved  f o r  3 (LU) > 0 

w r i t e  E, = - x-5 ' .  Then 

M 

A s  w e  want t o  c a l c u l a t e  not  f ( I )  i t s e l f  bu t  m e r e l y  t h e  O t h ,  lSt, 
nd 

and 2 moments of i t  wi th  r e s p e c t  t o  I, w e  c o n s t r u c t  t h e  F o u r i e r  

t ransform 
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h ( 1 '  ) 
i ( k  *L+U- v-us ) 

e - - -  i v - v  I(u) = e - -  f ( v ) d 3 v  - = - 

X g[L-lf(v' , T )  ,v-V(V'  - - -  , T )  , T ] d 3 ~ d 3 ~ ' d 3 k d Z  

The r equ i r ed  r e su l t s  a r e  t h e r e f o r e  given by I and i t s  d e r i v a t i v e s  

eva lua ted  a t  - u=O. Holding - v '  and T f i x e d ,  a t r i v i a l  change of  

o r i g i n  i n  t h e  L and - v spaces g i v e s  u s  

g ( L , I , T )  d3vd3v'd3 kdT 
i (k . ~ + v -  v j X e -  - -  

The i n t e g r a t i o n s  wi th  respect t o  L, v can now be c a r r i e d  o u t ,  being 

j u s t  t h e  F o u r i e r  t ransform of a gauss ian  d i s t r i b u t i o n  i n  6 dimensions; 

w e  no te  t h a t  a t  t h i s  p o i n t  t h e  need t o  c a l c u l a t e  t h e  normalizing 

func t ion  p ( t )  drops o u t .  The r e s u l t  i s  

- 

v '  T=O - 

where f i s  t h e  6 x 6 matr ix  of t h e  gene ra l  theory .  

S ince  - X and - V a c t u a l l y  depend l i n e a r l y  on - V I ,  l e t  u s  

in t roduce  t h e  abbrev ia t ion  
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so t h a t  - p(T) i s  r e a d i l y  c a l c u l a t e d  and i s  l i n e a r  i n  I k and - 3 .  A s  

h ( 1 ' )  i s  t o  be a maxwellian d i s t r i b u t i o n  m u l t i p l i e d  by 0 .1 ,  or 

2 components of V I ,  l e t  u s  c a l c u l a t e  I f o r  t h e  case  - 

so t h a t  I and i t s  d e r i v a t i v e s  wi th  r e s p e c t  t o  -_ p 9  a l l  eva lua ted  a t  

p =0, g ive  a l l  t he  r equ i r ed  informat ion .  The - v '  i n t e g r a t i o n  i s  now 

a l s o  t h e  Four ie r  t ransform of a gauss ian  f u n c t i o n ,  and c a r r y i n g  i t  o u t  

y i e l d s  

- 

This  i s  t h e  promised s i n g l e  i n t e g r a l ,  and i s  t h e  analogue of t he  so- 

c a l l e d  "Gordeyev i n t e g r a l "  f a m i l i a r  from e a r l i e r  work. The exponent i s  

j u s t  a quadra t i c  form i n  k , g  and rn - whose c o e f f i c i e n t s  a r e  somewhat 

cumbersome (though e lementary)  f u n c t i o n s  of 'I. The c o l l i s i o n - f r e e  

theory  i s  of course recovered by s e t t i n g  - r = 0 ,  and t h e r e  i s  a l s o  some 

s l i g h t  s i m p l i f i c a t i o n  i n  t h e  o r b i t s  a s  v = 0 i n  ( 4 3 ) .  I.n a d d i t i o n ,  

t h e r e  i s  much less t o  c a l c u l a t e  owing t o  t h e  g r e a t  s i m p l i f i c a t i o n  of 

( 2 5 )  and ( 2 6 ) .  

- 

W e  may record he re  t h a t  t h e  H-functions r equ i r ed  i n  (25)  and ( 2 6 )  

a r e  given e x p l i c i t y  i n  t e r m s  of our i n t e g r a l  I by 

(47 1 l a  
u=p=o _ -  ... H ... = [$ & ... T a p  . . .  I] 

1 J i j 

I X .  COEFFICIENTS I N  THE ABSENCE OF MAGNETIC FIELD 

The process  w i l l  be made c l e a r e r  by working through t h e  case  

B - = 0 .  The unperturbed o r b i t s  a r e  given by (cf 4 3 ) :  

dV - dX - 
- - v v  - -  d t  - v , - -  - d t  - 
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so the s o l u t i o n  s t a r t i n g  a t  x = 0 , V = v’  i s  - - -  

Comparing w i t h  (44), 

The matrices a and 2 of the  gene ra l  theory  are convenient ly  p a r t i -  

t i oned  i n t o  3 x 3 mat r i ces :  

( I  - 
r-nus, t he  equa t ion  f o r  r ,  (3li.j, i s  formai iy  the  same a s  i n  the  one- 

dimensional example ( . 7 )  and w e  have 

be ing  the u n i t  m a t r i x ) .  
-. - 

w i t h  0 ,  p ,  y as  g iven  by (42) .  So 

Reca l l ing  t h a t  

o b t a i n  

17 = vKTo/m one can combine (46), (48) and (50) t o  

v t - l + e  - v t  )k2+$+p2+ -(l-e-”f)(J+p) 2 -k+2e-v t~-p]  -I..> dr - -  - V - - -  I = No 

0 

I i tself  eva lua ted  a t  E=pO i s  t h e r e f o r e  
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N 9 exp {- ( v t - l + e  - v t  ) - 
m v 2  0 

0 

w h i l s t  t h e  d e r i v a t i v e s  r equ i r ed  i n  (47) involve  s i m i l a r  i n t e g r a l s  wi th  

va r ious  o t h e r  f a c t o r s  preceding t h e  exponen t i a l .  

wi th  t h e  corresponding i n t e g r a l  i n  t h e  c o l l i s i o n - f r e e  c a s e ,  

W e  may compare ( 5 2 )  

t o  which (52)  does of course  tend  a s  v + O .  

(51) i s  symmetric i n  - p and - rn so t h a t  t h e  H f u n c t i o n s  a r e  

a c t u a l l y  t h e  same whether t h e  s u f f i x e s  go be fo re  or a f t e r  H .  

X .  COEFFICIENTS I N  THE PRESENCE OF A MAGNETIC FIELD 

W e  now cons ider  t h e  f u l l  equa t ion  ( 2 7 ) ,  and aga in  apply our  gene ra l  

technique for o b t a i n i n g  t h e  Green 's  f u n c t i o n .  The work i s  s i m i l a r  t o  

t h e  prev ious  s e c t i o n :  w e  c a l c u l a t e  t h e  o r b i t s  and so lve  t h e  equat ion  

f o r  11 by w r i t i n g  5, - b and - r i n  p a r t i t i o n e d  form. But t h e  3 x 3 

mat r i ces  so introduced a r e  no longer  d iagonal  i n  o rd ina ry  Car t e s i an  

coord ina te s .  To avoid the  excess ive ly  t ed ious  c a l c u l a t i o n s  which would 

fo l low on account of  t h i s ,  w e  make a t ransformat ion  t o  coord ina te s  i n  

which they a r e  d i agona l .  Namely w e  de f ine  

a s  t h e  new coord ina te s ,  denot ing  t h e  o l d  ones by ( x ,  y ,  z ) .  S i m i l a r  

formulae hold f o r  components of v e l o c i t y .  

coo rd ina te s  (due t o  Buneman , 1961) i s  p a r t i c u l a r l y  convenient  a s  t h e  

s u f f i x e s  can a l s o  be used a s  a l g e b r a i c  q u a n t i t i e s .  W e  s h a l l  use  Greek 

s u f f i x e s  such a s  h ,  p ,  e t c .  t o  l a b e l  t h e  new coord ina te s .  The 

The numbering of t h e  new 
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t ransformat ion  (54) is  n o t  or thogonal ,  a l though i t  i s  u n i t a r y .  

t h e r e f o r e  d i s t i n g u i s h  between c o n t r a v a r i a n t  v e c t o r s  (such a s  x i n  t h e  

above t r ans fo rma t ion )  and covar ian t  v e c t o r s ,  wi th  t h e  u s u a l  s u f f i x  

n o t a t i o n .  I t  i s  e a s i l y  v e r i f i e d  t h a t  t h e  s c a l a r  product  of  two con- 

W e  

- 

t r a v a r i a n t  v e c t o r s  A_, - B is  1 Ah"-' i n  t h e  new coord ina te s ,  and 

h 

t h i s  must be i d e n t i f i e d  w i t h  Ah",,. Clea r ly  t h e  metric t e n s o r  

h 

and r a i s i n g  or lowering of t h e  su f f iKes  i s  achieved by A ,  -Ll 
i s  6 

simply changing t h e  s i g n .  (Note t h a t  t h i s  i s  no t  i n  gene ra l  t h e  same 

a s  t a k i n g  t h e  complex conjugate ,  a s  some o f  our  vec to r  q u a n t i t i e s  a r e  

a l r eady  complex r e p r e s e n t a t i v e s  of harmonic q u a n t i t i e s ) .  

a l l  t h e  prev ious  r e s u l t s  t o  genera l  t e n s o r  n o t a t i o n  one must deci'de 

for every ~ c f f i x  whether it is c n - j a r i i n t  "1' contr-x:grignt.. This can 

be done merely by r e c a l l i n g  t h a t  any p a i r  of con t r ac t ed  s u f f i x e s  must 

be one of  each  type ;  w e  s h a l l  do t h i s  without  f u r t h e r  comment. A 

p o i n t  c a l l i n g  f o r  s p e c i a l  care i s  t h a t  t h e  ma t r ix  b a s  in t roduced  i n  

(30) i s  "mixed," having one s u f f i x  of  each  type ,  and i s  a l s o  non- 

symmetric, t h e  " f i r s t "  s u f f i x  being t h e  c o n t r a v a r i a n t  one. Thus, when 

t h e  t r anspose  of t h i s  i s  r equ i r ed  one should ,  s t r i c t l y  speaking ,  use  a 

more cumbersome n o t a t i o n  t o  i n d i c a t e  t h e  o r d e r  of t h e  s u f f i x e s ;  

f o r t u n a t e l y  w e  can avoid  t h i s  a s  t h e  c a l c u l a t i o n  proceeds immediately 

t o  t h e  p a r t i t i o n e d  m a t r i c e s ,  and a l l  t h e  3 x 3 ma t r i ces  involved t u r n  

o u t  t o  be symmetric. 

To conver t  

- 

I n  t h e s e  coord ina te s  the  equa t ions  f o r  t h e  o r b i t s ,  (43)  become 

h h 
- -  .- -(v+inh)v A dV 

a -' d t  d t  
- -  

where R i s  t h e  gyro-frequency eB/mc. 

A s  t h i s  i s  t o  be i d e n t i f i e d  with (31) w e  have a t  once 

- 21 - 
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where A - i s  a d iagonal  ma t r ix  

A A 
iJ- CI 

A = (v+inA)6 

The o r b i t  s t a r t i n g  a t  - X = 0 ,  1 = i s  t h e r e f o r e  

1 - ( v+ i n ~ )  t A x A = - [ L e  
v + i  nA 

L 

A A - ( v + i Q A ) t  
V = v e  

The d e f i n i n g  r e l a t i o n  (44)  f o r  - p i s  

A A A  
pAV 

= k x +m V A h  

and so 

(57) 

A 
To f i n d  p w e  of course  r a i s e  t h e  s u f f i x ,  no t ing  t h a t  t h i s  i nvo lves  

a change i n  s ign  of h where i t  appears  a s  an a l g e b r a i c  q u a n t i t y .  

Turning t o  (34)  t o  be solved f o r  E, w e  note  t h a t  - r and a 
a r e  both a s  f i r s t  i n t roduced ,  symmetric w i th  both s u f f i x e s  con t r a  

v a r i a n t .  W e  can wr i te ,  by analogy wi th  t h e  case  of no magnetic 

f i e l d  

H e r e  e may be non-symmetric and t h e  form taken by 1 i n  t hese  

coord ina te s  w i l l  be given s h o r t l y ,  Carrying ou t  t h e  m u l t i p l i c a t i o n  

of p a r t i t i o n e d  m a t r i c e s ,  (34) i s  
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da 

d t  
- - - (E+@@’) = 0 

As p r e v i o u s l y ,  w e  can now solve f o r  r ,  @, 2 i n  t h a t  o r d e r ,  and t h e  

f a c t  t h a t  w e  a r e  d e a l i n g  w i t h  matrices p r e s e n t s  no d i f f i c u l t y  a s  A i s  

d i agona l .  W e  n o t e  t h a t  7 ,  which i s  7 1  i n  o r d i n a r y  c o o r d i n a t e s ,  

becomes 7 = q6 . 
- - xu. h ,  -U 

The equa t ion  f o r  2 i s  

i . e . ,  

A s  r = 0 i n i t i a l l y ,  w e  can c l e a r l y  t a k e  yhl” = 0 i f  b . p  0 

I f  h+u. = 0 w e  have 

so t h e  complete s o l u t i o n  i s  

-2vt A, -p 
yhp = 3 (1 - e I S  V 

Apart  from t h e  change of coord ina te s ,  t h i s  r e s u l t  i s  t h e  same a s  f o r  

no magnetic f i e l d  ( c f .  Eq. (42 )  and (49)). Remembering t h a t  2 g i v e s  
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t h e  covariance i n  the  v e l o c i t y  f o r  a Set of p a r t i c l e s  s t a r t i n g  a t  t h e  

o r i g i n ,  w e  conclude simply t h a t  t h e  d i f f u s i o n  i n  v e l o c i t y  space con- 

t i n u e s  t o  be i s o t r o p i c  i n  s p i t e  of t h e  magnetic f i e l d ,  and t h i s  i s  n o t  

s u r p r i s i n g  a s  our model i s  based on an i s o t r o p i c  d i f f u s i o n  t e r m ,  

-7 a2f/aviavi. 

The so lu t ion  of (61)  f o r  6 ", ah' proceeds s i m i l a r l y ,  and aga in  

t h e  components a r e  z e r o  except  where 

d i f f e r  from those f o r  no magnetic f i e l d .  We have 

h + P = 0 .  H e r e  t h e  r e s u l t s  

i . e .  , 

wi th  so lu t ion  

& -)1 
-.( v+ i ) t - e  - ( v + i  QL ) t .-2vt 

+ 
V v+im v - i f &  

S i m i l a r l y  

wi th  s o l u t i o n  

a A P  

exP 

of 

-P 
2v 

- v t  2e (vcospfit-unsinpnt) - 2v 
+ 

v 2  + u2n2 

(64) 

W e  a r e  now ready t o  c o n s t r u c t  our  i n t e g r a l  I ,  Eq. ( 4 6 ) .  The 

nent  i n  the  in t eg rand  con ta ins  a q u a d r a t i c  f r m  i n  t h e  components 

k ,  e, and Q , which i n  ou r  new coord ina te s  i s  - 
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I t  i s  convenient  t o  w r i t e  t h i s  a s  -I$ -$, where 41 i s  t h e  p a r t  

q u a d r a t i c  i n  and $ i s  the rest .  Then kh 

and assembling t h e  terms with r e fe rence  t o  Eq. ( 5 9 ) ,  ( 6 2 ) ,  ( 6 3 ) ,  and 

(64)  y i e l d s  (no t ing  t h a t  q = vKT /m) 
0 

- ( v + i  sih) t 

v+isih 
h 1-e A X 1-e -( v-isih) t 

+ khLJ $(t> = 3 m {)gr h d+& x +p +khJ v - i  nX 

and k a r e  t h e  magnitudes of  t h e  components of - k p a r a l l e l  
Here kl l  1 
and perpendicular  t o  t h e  magnetic f i e l d ,  so kll = ko ,  k2 = 2klk-l 

= k2+k2.  The ang le  x is such t h a t  t a n  %x = v / n ,  and 0 <_ X <_ IT. 

Since  - Q and 2 a r e  even tua l ly  p laced  equa l  t o  z e r o ,  $ always 

1 

X Y  

d i sappea r s  from t h e  exponent i n  any i n t e g r a t i o n  a c t u a l l y  c a r r i e d  o u t ,  

however, w e  need t o  know the  formula f o r  11/ i n  o r d e r  t o  d i f f e r e n t i a t e  

I wi th  respect t o  - p or - u. 

X I .  CONSTRUCTION OF THE H-F"@rIONS 

To make use  of o u r  fundamental r e s u l t s ,  Eqs. (24) - (26) ,  w e  have 

t o  c o n s t r u c t  t h e  va r ious  "H" f u n c t i o n s  r equ i r ed  i n  (25 ) .  These i n  

t u r n  a r e  known i n  t e r m s  of I by means of (47 ) .  W e  should f i r s t  
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e x p r e s s  these  r e s u l t s  i n  terms of t h e  

r ega rd  f o r  t h e  p o s i t i o n  of t h e  s u f f i x e s .  S ince  and a a r e  n a t u r a l l y  

(190,-1) c o o r d i n a t e s  w i t h  due 

- 
c o n t r a v a r i a n t ,  M w i l l  be a mixed t e n s o r ,  w i t h  t h e  f i r s t  s u f f i x  - 
c o n t r a v a r i a n t .  Hence t h e  c o r r e c t  i n v a r i a n t  s t a t emen t s  of (24)  and (25)  

a re 

(68 1 A A u  N 0 u. = M u ( a  +vu"> 

where 

and (26)  i s  formally t h e  same. ( 4 7 )  becomes 

I n  o t h e r  words, t h e  r u l e  i s  for a s u f f i x  be fo re  H ,  apply a/iam, 
for a s u f f i x  a f t e r  H ,  apply a / i a p ;  f o r  a c o n t r a v a r i a n t  s u f f i x  

d i f f e r e n t i a t e  w i t h  r e s p e c t  t o  a c o v a r i a n t  component and v i c e  v e r s a .  

The s imples t  of t h e s e  f u n c t i o n s  i s  H i t s e l f ,  which i s  

7 
H = N  0 3 exp {-@(t)-i"lt} d t  

0 

T h i s  i s  e a s i l y  seen  t o  reduce t o  t h e  "Gordeyev" i n t e g r a l  i n  t h e  l i m i t  

v + 0 .  The a d d i t i o n a l  f a c t o r s ,  which have t o  be i n s e r t e d  f o r  t h e  HIS 

w i t h  one or more s u f f i x e s ,  a r e  ob ta ined  from d e r i v a t i v e s  of type  (70)  

w i t h  e-' p lay ing  t h e  p a r t  of I .  Thus, one has  t o  compute i n t e g r a l s  

o f  t h e  type  
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where F ( t )  has  whatever i s  t h e  appropr i a t e  t e n s o r  c h a r a c t e r .  W e  now 

l i s t  t h e  r equ i r ed  expres s ions  F: 

For  'HW, F i s  

For 'H - - F i s  
3KT 6 '  

0 

-( v-islh) t - ( v + i  QA ) t 1-e - 2e (74  1 

For  H - - 'H 

h 

F i s  t h e  same a s  ( 7 4 )  with  h rep laced  
p 3KT h p '  

0 

by u and k by kl-( (bu t  no changes of s i g n  i n  t h e  s u f f i x e s ) .  

4KT - v t  2 o - v t  k2(1-e - -e  { 2 -2vt  - e  
3 9m 

V 2  
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Though t h e s e  expres s ions  a r e  somewhat cumbersome, c a l c u l a t i o n  of 

a l l  t h e  i n t e g r a l s  i n  Eq. (69)  by computer seems q u i t e  f e a s i b l e .  

To recover  t h e  r e s u l t s  f o r  no magnetic f i e l d  one simply sets  

.Q = 0 and regards  h and ~1 a s  o rd ina ry  Car t e s i an  s u f f i x e s ;  t h e  

p o s i t i o n  of t h e  s u f f i x e s  be ing  now i r r e l e v a n t .  P l ac ing  k a long  a 

coord ina te  a x i s  makes M d i agona l ,  t h u s  s e p a r a t i n g  l o n g i t u d i n a l  

and t r ansve r se  e f f e c t s ,  SO t h a t  no e l a b o r a t e  ma t r ix  c a l c u l a t i o n s  a r e  

necessary .  Th i s  w i l l  n o t ,  however, be pursued h e r e ,  a s  o u r  main 

i n t e r e s t  l i e s  i n  ask ing  how e a s i l y  t h e  c o l l i s i o n s  des t roy  gyro-resonance 

e f f e c t s .  

- 
i j  

X I I .  PROPERTIES OF THE INTEGRALS 

For t h e  q u a n t i t i v e  s o l u t i o n  of any problem such a s  the  d i s p e r s i o n  

equat ion  f o r  plasma o s c i l l a t i o n s  or i n s t a b i l i t i e s ,  or t h e  c a l c u l a t i o n  

of spec t r a  i n  incoherent  s c a t t e r ,  t h e r e  seems no a l t e r n a t i v e  t o  numerical 

work; however, some crude e s t i m a t e s  of what can be expected i n  va r ious  

s i t u a t i o n s  can e a s i l y  be made. To do t h i s  w e  cons ide r  t h e  i n t e g r a l  

for H ,  a s  given by ( 7 1 ) ,  and i t s  dependence on w, lf, R and u .  The 

more e l a b o r a t e  i n t e g r a l s  (72)  can be expected t o  behave i n  much t h e  

same way . 
A s  an example? l e t  u s  cons ide r  wave v e c t o r s  pe rpend icu la r  t o  - k ,  

so t h a t  k = 0.  Then from (66)  II 
- v t  @( t )  = KTk2 [cos x + v t  - e cos  (nt-x)] 

m (  n2+v2  ) 

Now when v = 0 so t h a t  x = 0 ,  t h i s  becomes 

KTk2 
$ ( t )  = - (1 - cos n t )  

m n2 

This  i s  p e r i o d i c ,  so  t h e  i n t e g r a l  
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exp - @(t)  - i w t  d t  

0 

(78) I 
d ive rges  f o r  w = nR (n = 0 , l  ,2.. ) , and t h i s  i s  t h e  o r i g i n  of t h e  

gyroresonance e f f e c t .  On re in t roducing  a small  bu t  non z e r o  va lue  of 

kll 

p r a c t i c a l l y  removed i s  given by F a r l e y ,  Dougherty and Barron,  1961 (see 

e s p e c i a l l y  p .  253);  t h i s  e s t ima te  ag rees  w e l l  w i th  a c t u a l  computations,  

t h e  divergence i s  removed and a rough way t o  e s t i m a t e  t h e  va lue  of 

(or, e q u i v a l e n t l y ,  t h e  d i r e c t i o n  of k) a t  which t h e  resonance i s  - k l l  

A s i m i l a r  procedure can be appl ied  t o  (76):  t h i s  t i m e  w e  keep k / /  = 0 
bu t  i n c r e a s e  v from ze ro .  Again t h e  a d d i t i o n a l  f a c t o r s  so in t roduced  

l i m i t ,  and even tua l ly  remove, t h e  gyro-resonances.  

Suppose f i r s t  t h a t  0 < v << 0,. Then on c a r r y i n g  out an i n t e g r a t i o n  
- v t  

- siich .. _ _ _  8 5  (78) the factfir  e enter ing (76) is r P l l t f V P l y  unfmper tant  I 

f o r  i t  pe rmi t s  many o s c i l l a t i o n s  of t h e  cos ine  term be fo re  apprec iab ly  

reducing i t s  ampli tude.  The term v t  i n  (78) may however, be 

impor tan t ,  f o r  i t  i n t r o d u c e s  a f a c t o r  

Tk'vt 
- r m n z  ) 

i n  t h e  in t eg rand  of (78).  

many o s c i l l a t i o n s  of  t h e  in tegrand  before  reducing i t  s e v e r l y .  The 

cond i t ion  f o r  t h i s  i s  c l e a r l y  

The ques t ion  i s  whether t h i s  f a c t o r  pe rmi t s  

KTk2v/mR3 << 1, i . e . ,  

v << R3m/KTk2 (79) 

I f  KTk'/mR' i s  n o t  much g r e a t e r  than  u n i t y ,  (79 )  i s  a l r eady  s a t i s f i e d  

by t h e  hypo thes i s  t h a t  v << R.  I n  t h a t  ca se  t h e  gyro-resonance e f f e c t  

can only  be des t royed  by inc reas ing  v u n t i l  v - R. On t h e  o t h e r  hand, 

i f  KTk2/mR2 >> 1, (79) may be v i o l a t e d  even when v << R. The f u l l  

cond i t ion  for t h e  su rv iva l  of an apprec i ab le  gyro-resonances e f f e c t  i s  

thus  
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(80 1 v << Q or  R3m/KTk2, whichever i s  t h e  less 

Th i s  c o n t r a s t s  sha rp ly  wi th  t h e  c r i t e r i o n  a r i s i n g  f o r  c o l l i s i o n s  

wi th  n e u t r a l  molecules.  Using t h e  BGK model, t h e  i n t e g r a l s  e n t e r i n g  

the  c a l c u l a t i o n s  a r e  a l l  of t h e  Gordeyev type  b u t  w i t h  r ep laced  

by w i v .  T h i s  l e a d s  t o  t h e  s o l e  cond i t ion  v << R ,  ( c f .  Dougherty 

and F a r l e y ,  1963). 

X I I I .  IONOSPHERIC APPLICATIONS 

To d i scuss  t h e  s c a t t e r i n g  of r a d a r  waves i n  t h e  ionosphere one 

needs t o  know t h e  behavior  of a plasma a t  a va lue  of k f i x e d  by t h e  

experiment ,  and f o r  a wide range of r e a l  va lues  of w. I n  t h e  case  of 

incoherent  s c a t t e r i n g  t h e  p e r t u r b a t i o n s  a r e  simply t h e  f l u c t u a t i o n s  

a r i s i n g  i n  thermal equ i l ib r ium,  and t h e  c o l l i s i o n - f r e e  theory  has  been 

worked o u t  i n  g r e a t  d e t a i l .  For  t h e  o t h e r  much s t r o n g e r  forms of 

s c a t t e r i n g ,  the source of t h e  p e r t u r b a t i o n s  i s  unknown but  i t  seems 

reasonable  t o  expec t  t h a t  any exp lana t ion  of i t s  s p e c t r a l  behavior  

w i l l  aga in  be a ma t t e r  f o r  Boltzmann's equa t ion .  The ques t ion  a r i s e s  

how t o  inc lude  c o l l i s i o n s  i n  such c a l c u l a t i o n s .  For  t h e  c o l l i s i o n s  

wi th  n e u t r a l  p a r t i c l e s  t h e  BGK model seems adequate ,  and has  been 

e x p l o i t e d  by Dougherty and Fa r l ey  (1963,). 

t h e  ion-neut ra l  c o l l i s i o n s  have an apprec i ab le  e f f e c t  because v 

Gyro-resonance e f f e c t s  would no t  t h e r e f o r e  be expec ted .  I n  t h e  F 

r eg ion ,  v i s  q u i t e  n e g l i g i b l e ,  y e t  a t t empt s  t o  observe t h e  gyro- 

resonance i n  incoherent  s c a t t e r  a t  t h e  equa to r  have f a i l e d .  

- 

For h e i g h t s  up t o  about  120 km, 

> R i .  i n  

i n  

To account f o r  t h i s  Fa r l ey  ( p r i v a t e  communication) made t h e  

sugges t ion  t h a t  i t  i s  ion-ion c o l l i s i o n s  which e r a d i c a t e  t h e  gyro- 

resonance e f f e c t  i n  t h e  F-region,  no twi ths tanding  t h a t  t h e  r e l e v a n t  

. The reason f o r  t h i s  
'i c o l l i s i o n  frequency,  v i s  sma l l e r  than 

ii 
i s  of course  t h a t  i t  i s  t h e  second a l t e r n a t i v e  i n  (80) which a p p l i e s  

and i s  no t  s a t i s f i e d .  Typica l  f i g u r e s  f o r  t h e  ionosphere might be 

a s  fo l lows .  Taking T = 1200 , t h e  atomic weight a s  16, l o g A  2: 13 0 

-1 -1 - 160 sec  , For 
'i and N 1  = l o 6 ,  (13) g ives  y i i  - - 7 sec , whi le  
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experiments  a t  50 Mc/sec, K(=4n/wave-length) i s  2.10 -2 c m  -1 , while  

4 -1 (KT/m)’ i s  about  8.10 cm/sec. Hence R3m/KTk2 - 1 . 6  sec . Here, 

t h e n ,  v l ies  between t h e  two q u a n t i t i e s  mentioned i n  (80). Ac tua l ly  

t h e  i n t e r e s t i n g  case  i n  incoherent  s c a t t e r  occu r s  when R .  < k(KT/mi)’. 
1 

z 
For i f  &(:) = n ,  then n i s  roughly t h e  number of harmonics of 

I ‘  
t h e  i o n  gyro-Prequency which would have a pronounced resonance peak 

i n  t h e  spectrum; i n  t h e  example j u s t  quoted n = 10.  But t h e  second 

q u a n t i t y  i n  (80) i s  fl/nz, 

i n e q u a l i t y .  

which then  n e c e s s a r i l y  g i v e s  t h e  s t r o n g e r  

Another type  of s c a t t e r i n g  i s  t h e  a s p e c t  s e n s i t i v e  s c a t t e r i n g  

observed a t  S tanford .  

r epor t ed  t h e  d e t e c t i o n  of a weak bu t  c l e a r l y  i d e n t i f i a b l e  component of 

t h e  r e tu rned  s i g n a l  wi th  Doppler s h i f t  equa l  t o  t h e  gyro-frequency of 

NO i o n s .  Higher harmonics of t h e  gyro-frequency a r e  no t  observed,  

So f a r  t h i s  e f f e c t  appears  t o  be  r e s t r i c t e d  t o  t h e  night- t ime E r e g i o n ,  

H e r e  an atomic weight of 30 is  a p p r o p r i a t e ,  and temperature  about 300 , 

and t h e  o p e r a t i n g  frequency is 23 Mc/sec. 

i s  aga in  l o6 .  But no t  very d i f f e r e n t  from those j u s t  quoted ,  i f  

dec reases  a t  n ight  i n  t h e  E reg ion ,  and according t o  (13)  i n  f a c t  

t h i s  dec reases  v perhaps t o  an e x t e n t  t h a t  (30) i s  now s a t i s f i e d ,  

though by a n o t  very s t r o n g  i n e q u a l i t y .  I n  t h i s  c a s e  one would expec t  

a weak gyro-resonance e f f e c t  t o  appear ,  a s  indeed i t  does.  

Recently Co l in ,  Burns and Eshleman (1963) have 

+ 

0 

Never th less  t h e  f i g u r e s  a r e  

Ni 

Ni 

ii ’ 
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